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Abstract. FGb is a high-performance, portable, C library for computing Gröb-
ner bases over the integers and over finite fields. FGb provides high quality im-
plementations of state-of-the-art algorithms (F4 andF5) for computing Gröbner
bases. Currently, it is one of the best implementation of these algorithms, in terms
of both speed and robustness. For instance, FGb has been used to break several
cryptosystems.

1 Introduction - Polynomial System Solving - Gröbner Bases

Solving efficiently polynomial system of equations is a fundamental problem in Com-
puter Algebra with many applications. LetK be a field andL⊃K. The problem is:

Findz= (z1, . . . ,zn) ∈ L
n, such that






f1(z1, . . . ,zn) = 0
∙ ∙ ∙

fm(z1, . . . ,zn) = 0
where fi ∈K[x1, . . . ,xn]

To solve this problem several methods have been proposed : semi-numerical methods
(homotopies), heuristics (for instance SAT solvers whenK = L = F2), probabilistic
(geometrical resolutions [13]) or exact methods. Among the exact methods one can cite
Gröbner bases, Triangular sets methods or Resultant based techniques. In this paper
we restrict ourselves to Gröbner basis computation [1]. It is beyond the scope of this
paper to explain, in full generality, why a Gröbner basis can be used to solve a poly-
nomial system, but in finite fields (the caseK = L = Fp) univariate polynomials can
be computed (such polynomials can be obtained in a Gröbner basis for an appropriate
elimination ordering), and, then, the solutions can be explicitly computed by factoring
these polynomials inFp[X].

2 Goal and architecture of the library
The purpose of theFGb library [7] is twofold. First of all, the main goal is to provide
efficient implementations of state-of-the-art algorithms for computing Gröbner bases:
actually, from a research point of view, it is mandatory to have such an implementa-
tion to demonstrate thepractical efficiencyof new algorithms. Secondly, in conjunction
with other software, the FGb library has been used in various applications (Robotics,
Signal Theory, Biology, Computational Geometry, . . . ) and more recently to a wide
range of problems in Cryptology (for instance,FGb was explicitly used in [2, 8, 9, 4, 5]
to break several cryptosystems). Historically, theGb library (191 420 lines of C++ code)



has first been written to implement "classical" algorithms (Buchberger’s algorithm[1],
FGLM [12], NormalForms, Hilbert functions, . . . ). The current iteration of the project
– theFGb library (206 052 lines of C code) – was restarted from scratch to demonstrate
the practical efficiency of a family of new algorithms (F4[10], matrix-F5[6], F5[11],
SAGBI-F5[6],. . . ). All these algorithms have in common that they rely heavily on lin-
ear algebra. Hence, whereas efficient internal representation for distributed multivariate
polynomials was a key component inGb, the critical part inFGb is the linear algebra
package. The design of the library is somewhat modular: for instance, it is easy to add a
new field of coefficientsK (FGb provides already 19 different fields); it is even possible
to replace the existing linear algebra package by another one (see section section 4).
Even if a small portion of the code has been written in assembler code the library is
portable; to date the library is available on several architectures: Windows (32 and 64
bits), Linux (32 and 64 bits), Mac (Universal ppc/intel 32/64 bits) and Sun Solaris.
3 Maple interface - C library mode
TheFGb/Gb library has no friendly interface but it can be called from any C code. In
a partnership with MapleSoft, the library has beendynamically linkedwith the kernel
of the Computer Algebra system Maple. Users can use the power of expressivity of a
general Computer Algebra System to generate the polynomial equations while keeping
the efficiency of a dedicated library. The library is shipped with all recent versions of
Maple and fully integrated with high level functions in Maple (for instance the universal
solve function in Maple can call the FGb library if needed). It is also possible to call
directly the internal package (and hence have access to more options for expert users):

|\^/| Maple 13 (X86 64 LINUX)
._|\| |/|_. Copyright (c) Maplesoft, a division of Waterloo Maple Inc.
\ MAPLE / All rights reserved. Maple is a trademark of
<____ ____> Waterloo Maple Inc.

| Type ? for help.
> with(fgbrs):
> # the output of fgb_gbasis is a list [[lc1,lt1,p1],...]

where lc1*lt1 is the leading monomial of p1.
> fgb_gbasis([x-y^2,x^2-y],[x,y]);

2 2 2 2
[[1, y , y - x], [1, x , x - y]]

> # Same computation in GF(65521) for an elimination ordering x>>y
> fgb_gbasis([x-y^2,x^2-y],[x],[y],65521);

4 4 2
[[1, y , y + 65520 y], [1, x, x + 65520 y ]]

More generally, it is easy to callFGb from any C program (API and sample program
available [7]): for instance, Coq can use FGb to proof some polynomial equations (the
link was done by L. Pottier).
4 New High Performance linear algebra package - Benchmarks.
In [3], we present a recent new dedicated linear algebra package written by S. Lachartre
for computing Gaussian elimination of matrices coming from Gröbner bases computa-
tions. This library is also written in C and contains new algorithms to compute Gaus-
sian elimination as well as specific internal representation of matrices (namely sparse
triangular blocks, sparse rectangular blocks and hybrid rectangular blocks). In order to



demonstrate the efficiency of this combination of software we give some computational
results for a well known benchmark: the Katsura problem. For instance, for a medium
size problem such as Katsura 15, it takes 849.7 sec on a PC with 8 cores to compute a
DRL Gröbner basis modulop < 216; this is 88 faster than Magma (V2-16-1).

Kat11 Kat12 Kat 13 Kat 14 Kat 15 Kat 16

Magma 19.5 151.2 1091.4 9460.3574862.9 NA
FGbF4 40.6 342.6 2550.65
FGbF5 191.7 1881.3 12130.8103110.0

New linalg +F4 2.85 19.45 149.6
New linalg +F5 27.6 180.7 849.7 5687.3

Benchmark: Katsuran modulo 65521 - PC with 8 cores.
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