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Critical Points and Gröbner Bases

Problem

Compute the critical points of a polynomial g restricted to an algebraic set
V (F ).

Critical points of g|V (F )

Variety defined by F
and the

maximal minors
of jac(g, F ).

F = {x2
1 + x2

2 − 1}
g = x1

x1

x2

(
f11 f12 f13 f14
f21 f22 f23 f24

)
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f11f22 − f12f21

f11f23 − f13f21

f11f24 − f14f21

f12f23 − f13f22

f12f24 − f14f22

f13f24 − f14f23

(Arithmetic) intersection theory

Degree [Fulton, 1998]

A variety V of dimension d has
deg(V ) points of intersection with d
general hyperplanes.

Z

Height [Bost‐Gillet‐Soulé, 1994]

Each such point of intersection has
bit size bounded from above by the
height h(V ).

R

Example

Two general planes intersect a
sphere in two points.

Setup

S = SpecZ.
Integers 1 ≤ e ≤ f .
Degrees δ1, . . . , δf .

N = f − e.

E = O⊕N+1
S , so P(E) ∼= PN

Z .
E = O⊕e

P(E).

F =
⊕f

i=1 OP(E)(δi).

An incidence correspondence

Problem

How do we encode coefficients which define matrices with
nonempty first degeneracy loci using the incidence correspon‐
dence of points on hyperplanes?

Suppose we have

[X0 : X1] ∈ P1

[a0,0 : b0,0 : a0,1 : b0,1], [a2,0 : b2,0 : a2,1 : b2,1] ∈ P̌3

[a1,0 : b1,0 : c1,0 : a1,1 : b1,1 : c1,1] ∈ P̌5

[λ0 : λ1] ∈ P1

such that  a0,0X0 + b0,0X1 a0,1X0 + b0,1X1
a1,0X2

0 + b1,0X0X1 + c1,0X2
1 a1,1X2

0 + b1,1X0X1 + c1,1X2
1

a2,0X0 + b2,0X1 a2,1X0 + b2,1X1

[
λ0
λ1

]
= 0

Then, for example:

a1,0
(

λ0X
2
0
)

+ b1,0(λ0X0X1) + c1,0
(

λ0X
2
1
)

+ a1,1
(

λ1X
2
0
)

+ b1,1(λ1X0X1) + c1,1
(

λ1X
2
1
)

= 0.

Solution

We consider the incidence corre‐
spondence of points on hyperplanes
restricted to the Segre embedding of
PN ×S Pe−1 ↪→ Pe(N+1).

Example setup

e = 2, f = 3
δ1 = 1, δ2 = 2, δ3 = 1

A determinantal A-resultant

Γ

∏f
i=1 Pi

∏f
i=1 P̌i

∏f
i=1

(
P(O⊕e

S
) ×S P

(
Symδi E∨)∨

)

P(O⊕e
S

) ×S P(E)

p q

s=
∏f

i=1 si

ν=
∏f

i=1(id ×νi)
Product of Veronese

embeddings.

Product of Segre
embeddings.

Product of incidence
correspondences of

points on hyperplanes.

ResE ,F ,e−1

=

q∗p∗s∗ν∗
(
P(O⊕e

S
) ×S P(E)

)

Notation

Pi = P
(

O⊕e
S

⊗
(
Symδi E∨)∨

)
Fact [Busé, 2002]

When N = f − e, the determinantal resultant has codimension
one in

∏f
i=1 P̌i.

Main theorem

Notation

ηk(x1, . . . , xf ) is the kth elementary symmetric polynomial.

η
(i)
k

(x1, . . . , xf ) = ηk(x1, . . . , x̂i, . . . , xf ).

σp = (p+1)
2

∑p
m=1

1
m − p

2 is the pth Stoll number.

The multidegree of the determinantal resultant is

degi

(
ResE ,F ,e−1

)
= η

(i)
f−e

(δ1, . . . , δf ).

The normalized multiheight (see [Bost‐Gillet‐Soulé, 1994]) of the determinantal resultant is

h
(
ResE ,F ,e−1

)
= ηe−1(δ1, . . . , δf )σf−e + ηf−e(δ1, . . . , δf )σe−1.

The logarithmic Mahler measure of the determinantal resultant is∫
(∏f

i=1 P̌i

)
(C)

log
∣∣ResE ,F ,e−1

∣∣ d

f∏
i=1

µ
e(N+δi

δi
)−1

i

= h
(
ResE ,F ,e−1

)
− 1

2

f∑
i=1

degi

(
ResE ,F ,e−1

) e(N+δi
δi

)−1∑
j=1

1
j



Higher degeneracy loci

Fact

An f × e matrix M has rank at most r if and only
if dim(ker(M)) ≥ e − r.

Replace P
(
O⊕e

S

)
with

G
(
e − r, O⊕e

S

)
.

G(k, F ) ×S P
(
F ∨)

G(k, F ) P
(
F ∨)

S

gf

p

α β

Theorem

Let I be the incidence correspondence of k‐planes
contained in hyperplanes in G(k, F ) ×S P

(
F ∨).

Then I∗(c(Q)) = c(S∨).

Heights
↓

Arithmetic Schubert calculus
[Maillot, 1995], [Tamvakis, 1999]
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